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Abstract
This paper gives new explicit formulas for sums of powers of integers
and their reciprocals.
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1 Introduction
For an integer p > 0, consider the following sum of powers of integers
n∑
k=1
kp = 1p + 2p + · · ·+ np. (1)
These sums have been of interest to mathematicians since antiquity. Over
the years, mathematicians have given formulas for special values of p. Johann
Faulhaber (1580-1635) proved that the consecutive powers of integers can be
expressed as a polynomial in n of degrees (p+ 1) and gave a calculation for-
mula up to p = 17. The general formwas establishedwith the discovery of the
Bernoulli numbersBn as:
n∑
k=1
kp =
1
p+ 1
p∑
k=0
(−1)k
(
p+ 1
k
)
Bkn
p+1−k.
After that this formula is named as Faulhaber’s formula. More details about
this formula can be found in [6] and the references therein. In 1978, Gould [3]
gave an explicit formula for this sum as
n∑
k=1
kp =
p∑
j=0
j!
{
p
j
}(
n+ 1
j + 1
)
=
p∑
j=0
(−1)
p+j
j!
{
p
j
}(
n+ j
j
)
.
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Recently, Merca [8] expressed this sum in terms of the Stirling numbers of the
first and second kind. In this manner from past to present, studies are ongo-
ing to give new calculation formulas and also new proofs for known formulas
of this type of sums.
Besides, the sum of reciprocals of powers of the first n natural numbers
corresponds to
n∑
k=1
1
kp
= 1 +
1
2p
+
1
3p
+ · · ·+
1
np
, p > 0 (2)
which is also interesting and has a long history dating back to Leonard Euler.
In another context, the number formed by the sum of (1) and (2) together
is called the nth generalized harmonic number and denoted byH
(p)
n , namely
H(p)n =
n∑
k=1
k−p, p ∈ Z. (3)
As can be easily understood from (3), the case p < 0 reduces to (1). When
p > 1 the number H
(p)
n is the nth partial sum of the famous Riemann zeta
function. Its close relationship with Riemann zeta function makes general-
ized harmonic numbers valuable in the field of analytical number theory.
The case p = 1, H
(1)
n = Hn, is known as harmonic number which occurs in
fundamental equations in many areas from analysis to discrete mathematics
and computer science [4, 7]. Harmonic numbers have various relationships
with both Bernoulli and Stirling numbers, we would like to remind you one of
them [2, p. 424]:
Hn+1 =
1
n!
n∑
k=0
(−1)
k
[
n+ 1
k + 1
]
Bk, (4)
where
[
n
k
]
denotes the Stirling numbers of the first kind, the number of per-
mutations of n elements with k disjoint cycles.
In this paper, two formulas are given for the sum of powers of positive
integers, and a formula for their reciprocals.
In the first result, we present a formula for the generalized harmonic num-
bers. Special cases of which correspond to the sums (1) and (2). Apart from
this, it is a general form of (4) and answers the question of which type of
Bernoulli numbers are related to the generalized harmonic numbers.
Theorem 1 For all integers p and non-negative integers n, we have
H
(p)
n+1 =
n+1∑
k=1
1
kp
=
1
n!
n∑
j=0
[
n+ 1
j + 1
]
B
(p)
j . (5)
Here, B
(p)
k is the kth poly-Bernoulli number defined by [5, Eq. (1)]
∞∑
k=1
B
(p)
k
tk
k!
=
Lip (1− e
−t)
1− e−t
, (6)
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where Lip (z) is the polylogarithm and has the generating function
Lip (z) =
∞∑
k=1
zk
kp
.
The poly-Bernoulli numbers are a generalization of the classical Bernoulli
number withB
(1)
k = (−1)
k
Bk. They have interesting combinatorial interpre-
tations, and also appear in special values of certain zeta functions.
Now, we present formulas for the sum of powers of integers, first of which
is as a consequence of Theorem 1.
Corollary 2 For all non-negative integers n and p, we have
n∑
k=1
kp =
p∑
j=0
j!
{
p+ 1
j + 1
}(
n
j + 1
)
.
Theorem 3 For all positive integers n and p, we have
n∑
k=1
kp =
p∑
j=0
(−1)
p+j
j!
{
p+ 1
j + 1
}(
n+ j + 1
j + 1
)
.
Here,
{
n
k
}
is the Stirling numbers of the second kind, count the number of
ways to partition a set of n objects into k non-empty subsets.
2 Proofs
2.1 Proof of Theorem 1
Substituting t → 1 − e−t in the generating function of the generalized har-
monic numbers
∞∑
k=0
H
(p)
k t
k =
Lip (t)
1− t
, |t| < 1, (7)
one can easily obtain that
Lip (1− e
−t)
1− e−t
=
∞∑
n=0
(−1)
n
H
(p)
n+1
(
e−t − 1
)n
e−t.
We now utilize the following generating function of the second kind Stirling
numbers [4, p. 351]
∞∑
k=n
{
k + 1
n+ 1
}
zk
k!
=
(ez − 1)n
n!
ez,
3
and deduce that
Lip (1− e
−t)
1− e−t
=
∞∑
k=0
(
k∑
n=0
(−1)
k−n
{
k + 1
n+ 1
}
n!H
(p)
n+1
)
tk
k!
.
Considering (6) and equating coefficients of tn give
B(p)n =
n∑
k=0
(−1)
n−k
{
n+ 1
k + 1
}
k!H
(p)
k+1.
Finally, taking an = B
(p)
n and bk = k!H
(p)
k+1 in the well-known Stirling trans-
form [4, p. 310]
an =
n∑
k=0
(−1)n−k
{
n+ 1
k + 1
}
bk if and only if bn =
n∑
k=0
[
n+ 1
k + 1
]
ak
give the desired result.
2.2 Proof of Corollary 2
Since H
(−p)
n =
∑n
k=1 k
p, take −p (p > 0) in (5) and then utilize the following
identity of poly-Bernoulli numbers [1, Theorem 2]
B
(−p)
k =
min{k,p}∑
j=0
(j!)2
{
p+ 1
j + 1
}{
k + 1
j + 1
}
.
We find that
n+1∑
k=1
kp =
1
n!
n∑
j=0
(j!)
2
{
p+ 1
j + 1
} n∑
k=j
[
n+ 1
k + 1
]{
k + 1
j + 1
}
.
Hence, thanks to the identity [9, Theorems 3.7 and 3.11]
n∑
k=j
[
n+ 1
k + 1
]{
k + 1
j + 1
}
=
n!
j!
(
n+ 1
j + 1
)
,
the proof is completed.
2.3 Proof of Theorem 3
With the aid ofH
(−p)
n =
∑n
k=1 k
p, p > 0,wemay consider (7) as
∞∑
n=0
(
n∑
k=1
kp
)
tn =
Li−p (t)
(1− t)
4
and use [10]
Li−p (t) = (−1)
p+1
p∑
k=0
k!
{
p+ 1
k + 1
}(
−1
1− t
)k+1
, p ≥ 1
to conclude that
∞∑
n=0
(
n∑
k=1
kp
)
tn =
∞∑
n=0
(
p∑
k=0
(−1)
p+k
k!
{
p+ 1
k + 1
}(
k + 1 + n
k + 1
))
tn
which is what we wanted to prove.
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